As bio lms intervene in a porous medium, they a ect the porosity and permeability, which in turn alters the hydrodynamics. Existing bio lm models do not su ciently account for the e ect of the small pore structure of the porous media on the bio lm growth to be suitable for such applications. A new bio lm growth model is presented which is suitable for microscale simulations of bio lm activity in a porous medium. Simulations from the model are presented which illustrate the feasibility of incorporating this bio lm growth model with a porous media hydrodynamics model.
Introduction
Controlled, arti cially grown bio lms in porous media provide signi cant opportunities for improving the performance of industrial and environmental processes. The petroleum industry, for example, uses bio lms for deliberate plugging of parts of the oil reservoir to enhance oil recovery. A controlled bio lm accumulation in high permeability zones can be used to prevent injection water from reaching the production well. This can be accomplished by injecting cells and nutrients into the oil-bearing formation, 1], 2]. Also, controlling bio lm accumulation is important to both injection well and production well operation in order to avoid unwanted formation plugging near the well bore. The environmental industry likewise uses deliberate plugging of pore channels between spilled contaminants and lakes or rivers to prevent the contamination of these water resources. Subsurface bio lms also o er the potential for biotransformation of organic compounds providing an in situ method for treating contaminated groundwater supplies, 3], 4]. The mining industry is developing methods for microbially enhanced leaching of metals from ores and recovery of metals from solutions , 5] . An e cient use of bio lms by engineers requires an improved understanding of the relationship between porous media hydrodynamic properties and the accumulation rate and spatial distribution of the bio lm.
In order to derive a mathematical model to study the e ect of bio lm growth on porous media ow, one must combine a system of porous media ow equations with a system of bio lm growth equations. Two models describing bio lm growth have previously been developed that are not suitable for application to porous media processes. These are the one-dimensional Bio lm Accumulation Model (BAM, 6] , originally developed in 7] ) and Rittman's model (originally developed in 8]). A one-dimensional mathematical model called the Bio lm Growth Model (BGM), originally reported in 9], is developed in Section 2 which describes the growth of a bio lm on a surface. A zero-dimensional version of BGM, which is suitable for incorporation with a hydrodynamic model in porous media applications, was outlined in 10] and is described at the end of Section 2. This zero-dimensional model describes the change with respect to time of the spatially averaged values of the substrate concentration in the bio lm and the volume fraction of the active and inactive bacteria in the bio lm.
Simulations using the one-dimensional BGM are presented in Section 3 to validate the model. Then a computational comparison between the zero-dimensional BGM and the one-dimensional BGM is presented in Section 4. This comparison veri es that the zero-dimensional BGM is consistent with the one-dimensional BGM and that for porous media applications the zerodimensional model is appropriate.
The Bio lm Growth Model
Like BAM (see 6] , 7]) and Rittman's model (see 8]), the model developed here is also based on conservation principles. BAM and Rittman's model assume that the volume of the bio lm is negligible compared to the volume of the bulk liquid (which supplies the nutrient to the bio lm) and hence they treat the volume of the bulk liquid as a constant. If the bio lm grows on the inner surface of a capillary tube or the pore channels of a porous media then the volume of the bio lm and the volume of the bulk liquid will have the same order of magnitude. In this case the volume of the bulk liquid cannot be assumed constant. In the Bio lm Growth Model (BGM), a new set of model equations have been derived which assumes that the volume of the bulk liquid is a function of time. It is assumed that
The biomass is homogeneous and it may be treated as a continuum.
The growth of the bio lm is perpendicular to the surface of the lm-water interface.
There is a laminar di usional sublayer of constant thickness in the bulk liquid.
The bio lm is made up of active and inactive cells of the bacteria and water. As the bio lm grows in the box, the biomass enters the box through side A and leaves the box through side B in a convective manner. Also the active biomass growth in the bio lm is caused by the substrate consumption and the cell division. We further assume that a certain fraction of the active biomass becomes inactive and it never consumes substrate. Now we will write the mathematical expression for each term in the right-hand side of (2.2) separately.
The in ux rate of the biomass through side A, I r (M x T ?1 ), is given by I r = u(y ? y; t) f(y ? y; t) = u(y; t) ? u y (y; t) y + u yy ( 1 ; t) ( y) 2 2 f(y; t) ? f y (y; t) y + f yy ( 1 ; t) ( y) 2 2 where 1 and 1 are points between y ? y and y. Ignoring the higher order terms in y, the above equation simpli es to I r = u(y; t) f(y; t) ? u(y; t)f y (y; t) y ? u y (y; t)f(y; t) y : (2. 3)
The out ux rate of the biomass through side B, O r (M x T ?1 ), is given by O r = u(y + y; t) f(y + y; t) = u(y; t) + u y (y; t) y + u yy ( 2 ; t) ( O r = u(y; t) f(y; t) + u(y; t) f y (y; t) y + u y (y; t) f(y; t) y :
Using (2.8), (2.10), (2.11), and (2.6), (2.9) simpli es to @ f(y; t) @t = ?u(y; t) f y (y; t) ? u y (y; t) f(y; t) + bf(y; t):
Adding (2.7) and (2.12) and using the assumption that f(y; t) + f(y; t) = 1 ? l , we get ?(1 ? l )u y (y; t) + Y V r S(y; t)f(y; t) K + S(y; t) = 0 which gives u y (y; t) = 1
Y V r S(y; t)f(y; t) K + S(y; t) :
Integrating both sides and using u(0; t) = 0, we get, u(y; t) = 1
(2.14)
If we assume that the rate with which the bio lm detaches into the bulk liquid is (t) (LT ?1 ), then the velocity of the interface, u L (t), will be given by
The detachment rate, (t), used is that given by (t) = ? L 2 (t) Y V r S(y; t)f 2 (y; t) K + S(y; t) + Y V r S(y; t)f(y; t) K + S(y; t) ? bf(y; t) = ?u(y; t)f y (y; t) + Y V r S(y; t)f(y; t) K + S(y; t) 1 ? f(y; t) 1 ? l ?bf(y; t) = ?u(y; t)f y (y; t) + Y V r S(y; t)f(y; t) f(y; t) (K + S(y; t))(1 ? l ) ? bf(y; t):
Similarly using (2.13), (2.12) becomes @ f(y; t) @t = ?u(y; t) f y (y; t) ? Y V r S(y; t)f(y; t) f(y; t) (K + S(y; t))(1 ? l ) + bf(y; t):
Mass Balance of the Substrate in the Bio lm
If we denote the substrate concentration in the lm by S(y; t) then the mass of the substrate in the box, m S (t) (M s ), will be given by m S (t) = 2 y S(y; t): 
Using (2.23) this simpli es to,
The complete model can thus be formulated as below.
One-dimensional BGM @f(y; t) @t = ?u(y; t)f y (y; t) + Y V r S(y; t)f(y; t) f(y; t) (K + S(y; t))(1 ? l ) ?bf(y; t) ( 
Using the chain rule and the assumption that and are constants, the above equation reduces to df(t)
The inactive biomass increases as the active biomass becomes inactive and it decreases as the bio lm detaches at the interface between the lm and the liquid. The rate of change of inactive biomass can be given by
which simpli es to,
: Adding this to (2.38) and using the assumption that f(t) + f(t) + l = 1 we get, dL(t) dt = 1
The average rate of change of the substrate in the bio lm depends on the consumption rate of the substrate and the di usion rate of the substrate into the lm. A mathematical expression for the rate of change of the substrate in the lm may be given by
which reduces to dS(t) The complete model can thus be formulated as below.
Zero-dimensional BGM df(t)
3 Numerical Simulations for the One-dimensional BGM
The system of equations (2.27)-(2.37) from the one-dimensional BGM are solved numerically for the dependent variables given in Table 2 .1 and then the results are discussed. The spatial derivatives in (2.27) and (2.28) are replaced by their second-order nite di erence approximations.
Also the velocity, u(y; t), which is an integral given in (2.30), has been approximated using the trapezoidal rule and u(y; t) has been replaced with its approximation in (2.27), (2.28), and (2.31).
The resulting system of ordinary di erential equations is then solved using the MATLAB (version 4.2a) package 'ODE23s'. The software 'ODE23s' solves systems of sti ordinary di erential equations using the modi ed Rosenbrock method. More information on 'ODE23s' can be found 
Change in the Bio lm Thickness
The bio lm thickness is governed by growth and detachment. The bacteria in the bio lm consume the substrate and multiply. Bacteria near the substratum get less food than the bacteria near the lm-water interface, hence the bacteria near the interface grow faster than the bacteria near the substratum. The cumulative growth of the bacteria determines the increase of the bio lm thickness, L(t). Figure 3 .1 shows that the bio lm initially (for the rst .5 days) grows slowly then the growth rate increases and the bio lm thickness increases rapidly over the next 1.5 days. The growth after 2 days is very slow. The bio lm thickness reaches a steady-state of .008202 cm after 4 days. 
Change in the Substrate Concentration in the Bio lm
The substrate concentration, S(y; t), at a xed point in the bio lm depends on the distance of the point from the lm-water interface. A point near the lm-water interface has a much higher substrate concentration than a point near the substratum. This is due to the fact that a signi cant fraction of the substrate molecules, which di use into the bio lm, are consumed by the bacteria before they get close to the substratum. When we x a point in the bio lm and calculate the substrate concentration at that point, we observe that as the bio lm grows over time, the substrate concentration at that point decreases because, as the bio lm grows, the distance between the point and the lm-water interface increases. To better understand this decrease in concentration, the graphs of substrate concentration at two time-varying points y 1 and y 2 are shown in Figures 3.3 and 3 .4. y 1 is a point which is at 20% of the bio lm thickness, L(t), from the substratum and y 2 is a point which is at 80% of the bio lm thickness from the substratum. Thus y 1 and y 2 move as the bio lm thickness increases. E ectively, the points y 1 and y 2 are functions of time, t.
Since the bio lm is initially very thin, the substrate from the bulk liquid di uses very quickly into the lm and the substrate concentration rises from its initial value, S(y; 0) = :00004 mg/cm 3 , to .04 mg/cm 3 , which is the initial bulk substrate concentration, S b (0). Then the substrate concentration in the bio lm very rapidly decreases to .02 mg/cm 3 which is the substrate concentration of the in uent uid, S 0 , (see Figure 3. 3). Between .5 days and 1.5 days the substrate Figure 3 .4: The substrate concentration, S(y; t), at points y 1 (dashed line) and y 2 (solid line) in the bio lm over 50 days for the one-dimensional BGM concentration at y 1 decreases faster than the substrate concentration at y 2 . The substrate concentrations S(y 1 ; t) and S(y 2 ; t) both attain their steady-states after 4 days. The steady-state value of S(y 2 ; t) is .01566 mg/cm 3 which is signi cantly higher than the steady-state value of S(y 1 ; t) (.000066 mg/cm 3 ) because y 2 is closer to the interface than y 1 .
Change in the Volume Fraction of the Active and Inactive Bacteria
It has been assumed in this model that a constant fraction, l = :8, of the bio lm is water. The volume fractions of active and inactive bacteria change between 0 and (1? l ) = :2 and their sum remains a constant, f(y; t) + f(y; t) = 1 ? l = :2. In the case of high substrate concentration in the bio lm, the active bacteria multiply faster than they inactivate (die). Hence in any arbitrary volume of the bio lm the volume fraction of the active bacteria, f(y; t), increases and the volume fraction of the inactive bacteria, f(y; t), decreases. The volume fractions of the active bacteria at the points y 1 (which is at 20% of the bio lm thickness from the substratum) and y 2 (which is at 80% of the bio lm thickness from the substratum) are displayed in The active biomass volume fraction, f(y; t), and the inactive biomass volume fraction, f(y; t), at points y 1 (dashed line) and y 2 (solid line) over 2.5 days for the one-dimensional BGM Initially, when the bio lm is thin, the volume fraction of the active bacteria at y 1 , f(y 1 ; t), and the volume fraction of the active bacteria at y 2 , f(y 2 ; t), increase at almost the same rate. After 1.2 days, when the bio lm thickness is much larger than initially, the bacteria at y 1 do not get enough substrate hence f(y 1 ; t) begins to decrease, however f(y 2 ; t) continues to increase. After 5 days, f(y 1 ; t) and f(y 2 ; t) attain their steady-states of .173465 and .189406, respectively.
The volume fraction of inactive biomass, f(y; t), changes with the change in the volume fraction of active biomass, f(y; t), such that at any point y and time t the sum of f(y ; t ) and f(y ; t ) remains 0.2. Thus after 5 days, f(y 1 ; t) and f(y 2 ; t) attain their steady-states of .026535 and .010594, respectively. 
The model equation for the detachment function, (t), that we have used here is ( Table 4.1 and are the same as those used for the one-dimensional BGM (see Table 3 .1). The numerical approximation of these functions is displayed in Figures 4.1 through 4 .8. A comparison of the values of the variables from the one-dimensional and zero-dimensional models is also given in these gures. .2 shows that initially (over the rst .5 days) the volume, V L (t), of the bulk liquid decreases slowly. But over the next 1.5 days, V L (t) decreases rapidly because between .5 days and 2 days the bio lm thickness, L(t), increases very rapidly (leaving less room for the bulk liquid). V L (t) reaches a steady-state of .021898 cm 3 after 9 days. Figure 4 .2 also compares the zero-dimensional and one-dimensional models. V L (t) in the zero-dimensional model attains its steady-state at a slightly higher value than it does in the one-dimensional model because the steady bio lm thickness in the zero-dimensional model is smaller than it is in the one-dimensional model. Since the concentration di erence across the lm-water interface is zero there (at t = .00006 days), S(t) stops increasing, which can be visualized in Figure 4 .3 as the slope of S(t) is zero at t = :00006 days. Figure 4 .8 shows that after .00006 days, S b (t) continues to decrease which causes a concentration di erence across the lm-water interface (high in the bio lm and low in the bulk uid). Therefore, the substrate from the bio lm di uses into the bulk liquid and decreases to a value close to S 0 = :02 mg/cm 3 .
Change in the Bio lm Thickness
As the bio lm grows, the substrate in the bio lm is consumed faster causing a slow decrease in S(t) which can be seen in Figure 4 .4. After 1.5 days, when the bio lm thickness is much larger than initially, the substrate consumption rate increases, which causes a relatively faster decrease in the substrate concentration, S(t). A comparison of the substrate concentration from the zero-dimensional BGM and the substrate concentrations S(y 1 ; t) and S(y 2 ; t) from the onedimensional BGM is also shown in Figure 4 .4 (over 2.5 days) and fraction of active biomass increases from its initial value .15 to its steady-state value .1821 and the volume fraction of the inactive biomass decreases from its initial value .05 to its steady-state value .0179. Also notice that the steady-state value of f(t) (which is the average volume fraction of active biomass) remains between the steady-state values of f(y 1 ; t) and f(y 2 ; t) calculated from the one-dimensional BGM and the steady-state value of f(t) (which is the average volume fraction of inactive biomass) remains between the steady-state values of f(y 1 ; t) and f(y 2 ; t) (see 
Conclusions
The results in Section 3 validate the one-dimensional BGM as an accurate description of the dominant processes in bio lm growth in a con ned volume. The comparison in Section 4 veri es that the zero-dimensional BGM is consistent with the one-dimensional BGM and that for porous media applications the zero-dimensional model is appropriate. The zero-dimensional BGM can be used to accurately describe the growth of bio lm in a porous media. The active biomass volume fraction, f(t), and inactive biomass volume fraction, f(t), over 50 days for the zero-dimensional BGM (dash-dot line) and the active biomass volume fraction, f(y; t), and the inactive biomass volume fraction, f(y; t), at points y 1 (dashed line) and y 2 (solid line) over 50 days for the one-dimensional BGM The use of this model in conjunction with a porous media hydrodynamics model will facilitate the study of bio lm behavior in petroleum reservoirs and groundwater systems. The application of biobarriers can also be studied. This should provide a signi cant link in the e ort to understand the in situ use of bio lms.
